In the geometrodynamical setting of general relativity one is concerned mainly with Riemannian metrics over a manifold M . We show that for the space M := Riem(M ), we have a natural principal fiber bundle (PFB) structure
Introduction

Hamiltonian Decomposition
For this, space-time is assumed to be globally hyperbolic (for its numerous nice causality properties), and hence, due to a result by Geroch in the late 60's, to be homeomorphic to a topological product M × R, with M a space-like hypersurface. Then, one uses the Gauss-Codazzi equations relating curvature tensors of a full manifold to their hypersurface and hypersurface orthogonal components. For the usual scalar curvature one gets for the Einstein-Hilbert action (in terms of three-metrics 1 g ab ):
where N is the so called lapse and X is the shift of the 3 + 1 decomposition, and the deWitt metric G DW is defined as . We briefly note that the DeWitt metric is usually taken to be ( √ g/2)(g ac g bd + g ad g bc − 2g ab g cd ), but if we are only dealing with symmetric two valence tensors, its action amounts to the one we have used, apart from the √ g factor, which
we input on the volume form.
The dynamics are then cast in a constrained Hamiltonian system with (unconstrained) configuration space Riem(M) =: M : the space of all Riemannian metrics over M
In the main body of this paper this will be the space we will work with; the space of all possible descriptions of spatial configurations of the Universe. Furthermore, since the inner product we will use in this space is induced by the DeWitt metric above (2), we will along the text raise and lower double (symmetric) indices by G DW and its inverse. But we are getting ahead of ourselves, and will remind the reader of this when the time comes. So in the Hamiltonian formalism the dynamical variables are the g ab and the canonical momenta Π ab (which are related to the extrinsic curvature). Explicitly, we have for the momenta:
Continuing with the analysis, once the Hamiltonian is written in terms of the momenta and position, the lapse and shift are seen to be cyclic variables, and identified with Lagrange multipliers. Their variation leads to constraints, one of which is linear in the momenta and usually taken to generate diffeomorphisms within M. As we will explore along the text, this is not entirely correct, as the momentum constraint H a = 0 per se means only that, in M, the velocities corrected by the shift are orthogonal to the orbits of the diffeomorphism group, according to the DeWitt supermetric (see also for example [1] ).
Let us clarify a bit what we meant by this last assertion, even if we are again a little premature in the exposition: for a symmetric two valence tensor of the form L Y g cd = Y (c;d)
we have, using (3)
where we have used the momentum constraint
to equate the expression to zero. Hence the "shifted" metric velocityġ ab − L X g ab is deWittorthogonal to elements of the form L Y g cd = Y (c;d) , which will be soon identified with the vertical vectors in a principal fiber bundle setting (i.e., vectors tangent to the orbits of the action of the diffeomorphism group on the space of metrics). The importance of this will be clarified later on in the "equilocality" context. Moving on, the scalar constraint H = 0 can be seen simply as a constraint on the "corrected" metric velocities,
analogous to the constraint over time-like paths in usual relativistic theories u α u α = −1. The peculiar feature of GR is that the Hamiltonian itself is seen to be a linear combination of these constraints (and so constrained to vanish on-shell). Hence the constraints generate all of the dynamics of Einstein's theory. Then one finds that the Dirac brackets among the constraints are proportional again to the constraints, which hence are all first class and so impose no further constraints. This is perhaps a good place to reassure the reader that in the classical regime the deviation from GR in our work can be taken to be merely an ontological one. We will expand a bit on this when we discuss Barbour's recovery of GR through a BSW-type action [7] .
Gauge-Theoretic Approach Gauge Theory in Riem
The momentum constraint can be seen as a consequence of a more basic argument. Two isometric metrics over M are physically indistinguishable, since when we are considering purely gravitational fields, there is no operational labeling of a point which does not involve the metric thereat. That is to say, we cannot distinguish two points if their relations to all other points are the same. Hence to get rid of redundancies we must quotient out the isometries, leaving only the intrinsic geometries. That means identifying in M the metric h = f * g with g, where f ∈ D(M) := Diff(M) acts by pull-back. The resulting orbit space,
2 and is the proper configuration space in which momentary spatial geometries evolve. Each point in S can be seen as an instantaneous spatial configuration of the Universe, and classical space-time, being here seen as a succession of configurations of the Universe, is a curve in S.
We will very briefly describe earlier work showing that it is possible to construct a principal fiber bundle structure
where M ′ is a generic subspace (and a proper infinite-dimensional manifold) of the space of metrics, consisting of only the metrics which possess no global symmetry. Here the diffeomorphism group acts on the metric via pullbacks, denoted by f * g for f ∈ Diff(M). After that, as the natural next step we will try to prescribe a gauge connection over M ′ , and find out what is its meaning. We will see that it perfectly represents Barbour's Machian notion of a best-matching field.
In Barbour's work, as we will expand over later, the best-matching field offers a way to effectively identify points in M at a metric g with points in M at a metric g ′ = g + δg. I.e. it identifies spatial points along time; it does, at least ontologically, break general covariance. But the difference here is that one does not assume there is a preferred identification of points over M, but once such an initial identification is chosen, the dynamics of the Universe will itself determine how this identification will propagate through time. It is an extremely relational notion of "spatial" points.
The link to our connection form can be more appropriately seen in the principal fiber bundle picture of an SO(n) bundle of bases over M. In this scenario, the connection links bases (points of the PFB) over different infinitesimally close points of the base manifold M, in the same way as the best-matching procedure links metrics 3 over two infinitesimally close geometries.
For a related but different take on the connection between gauge theories and bestmatching, see [8] .
Curvature and Non-Commutativity in M
We will now make an analogy between curvature in our setting and the usual appearance of curvature as path dependence of holonomies of a connection over two homotopic paths. We will give a slightly more formal treatment of the statements below in Sec. 2.
To see where the pragmatical differences introduced by the gauge setting make an appearance, we construct two distinct paths of geometries 4 Suppose that for these two paths, we are given a common initial identification of points over [g initial ], and hence have the same initial description of [g initial ], as g 1 initial = g 2 initial ∈ M, for both paths. Then suppose we use best-matching along both curves (which in our terminology means horizontal lifting of the curves of geometries) to get to the metrics g 1 final , g 2 final ∈ M (both by definition lie "above" the final geometry [g final ]). Now, if we have give an ontologically real status for the spatial points (i.e. if they are truly identified along time by best-matching), since both paths are using best-matching, they should reach the same identification between the initial and final metric. I.e. what both have called point x ∈ M in the initial g initial should be best-matched to what both would call x in the final metric.
However, as soon as we allow for curvature of the connection (or of the best-matching field) there is a radical departure from the work of Barbour, who only considered classical dynamics in M. The statement then is that if we have null curvature, given an initial basis at some point we are able to and indeed do choose parallel bases over the entire manifold, i.e. holonomies are path-independent. Of course in this case we could consistently identify points by best-matching independently of the paths which interpolate the geometries.
But if we do not have null curvature, still assuming an ontological status to the equilocality of points of M over paths in M, we have then an inherent fuzzyness of the manifold structure of M, induced by the different identifications of points. This fuzzyness is related to the curvature of the connection form, and we will attempt to further connect this to an impossibility of finding commuting space and time coordinates in M. It should be noted however that to allow for this possibility, we explicitly have to permit more than one given path interpolating geometries. I.e. only if we depart from the classical notion of spacetime as a curve in M and introduce a sum over paths interpolating between geometries. In other words, we can only see the effect of curvature of the best-matching connection as a fuzzyness of the manifold structure of M if we go to a non-classical setting.
Of course, the author believes the more likely thing is that the notion of best-matching (or parallel translation of "coordinates") as providing an ontologically real identification os spatial points throughout time is incorrect.
1.3
Classical Gauge-Theoretic Treatment and the n-body Problem
Even in the usual Wheeler-deWitt equation and quantized momentum constraint, one can argue that gauge-theoretic modifications due to the existence of the formal action of a gauge group might already show up, introduced through the usage of the respective gauge covariant derivative. This possibility is illustrated in the case of a gauge-theoretic treatment of the n-body motion provided by a paper of Littlejohn and Reinsch [2] . Their paper, which was pointed out to us by Edward Anderson in private communication a bit after the first draft of the present work, provides exactly the same sort of gauge-theoretic treatment that we are trying to give, but in the case of (external force/torque-free) n-body motion.
Explicitly, they study the configuration space of the n-body mechanical system in Euclidean R 3 , and the elimination of the degrees of freedom which can be so eliminated by translational and rotational invariance. They attempt to reveal the structure of the reduced system, i.e. the structure of shape space. For example, in terms of the dynamics given by a particular body frame (e.g. a center of mass system of reference moving with a certain angular momentum) for n = 3, they study the evolution of the pure shape of the triangle formed (see also [9] ).
If one somehow eliminates the translational degrees of freedom of the system (for example by using a frame centered on an inertial center of mass), we are left with the translationreduced configuration space Q. Over this space, one then has an action of the rotational group SO(3) on the n-body system which leaves its intrinsic "shape" invariant. If one ignores collinear configurations of this system (in exactly the same way we ignore metrics possessing non-trivial Killing fields), it is possible to show that this group acts freely and properly on the configurations and hence Q is an 5 SO(3) principal bundle over what they call shape space. Here then, vertical motions are rotations, sections (choices of gauge) are just choices of body frames for the system, and gauge transformations redefinitions of such frames.
Connection in the n-body Context
Rotations of the n-body system clearly have physical meaning, and the gauge potential couples to the particle positions. It emerges when one expresses the angular momentum about the center of mass in terms of shape coordinates. In this context, gauge fields are interpreted as Coriolis' forces. The gauge connection here has the interpretation of providing how much the n-body system truly rotated from one configuration to an infinitesimally similar one. In a best-matching language, we would say that by infinitesimal rotations between two neighboring configurations of the n bodies, we would ascertain how much of the given change was rotational (can be done away with by an overall rotation of the system) and how much was internal (i.e. defined relationally).
Horizontal motions in Q are translated as motions that have zero intrinsic total angular momentum L= 0, and so feel no action of the Coriolis forces. We should note however that there are some notational differences between our work and theirs. For example, denoting the gauge connection in the body frame Φ by A, and q as the configuration with respect to Φ, we must not yet jump to the conclusion that a horizontal motion necessarily implies that A(q) = 0 because of course the body frame itself may have non-zero angular momentum, denoted in the paper 6 as ω = 0 (in our expressions according to sections (14) , this is denoted as the term X). Expressed in the section (or body frame) Φ, a displacementq in the configuration of the bodies has null total angular momentum if in fact we have
Applications
A peculiar application of their constructions is done to the cat problem, i.e. if a cat initially has zero angular momentum and is left to fall on its back, how can it rotate to fall upright? This is made possible by the non-null curvature of the shape connection on Q, which allows a closed horizontal curve (zero angular momentum) in shape space to have non-trivial holonomy. Thereby allowing the cat to not change its shape and yet change overall configuration.
The list of new results, questions and paths of research obtained in introducing the gaugesetting for the n-body problem is long, here we will merely mention the one that takes the least amount of pre-requisites. The question of wether or not it is possible to transform away the Coriolis coupling term in the n-body Hamiltonian is an old one, but in this setting it was seen to reduce simply to the vanishing or not of the curvature. Since the curvature of this space can be very easily seen not to vanish (for instance by the feasibility of the "falling cat" phenomenon), it also automatically rules in favor of the irreducibility of the Coriolis term.
Roadmap
In the next section we will briefly cover the main concepts of Barbour's Machian reconstruction of general relativity. After that is done, we will provide a construction of the gauge structure contained in the space of metrics and build a bridge between Barbour's work and this gauge theoretic setting. We will then briefly analyze [2] , make some connections to our work and have a look on some of the consequences for a particular Kaluza-Klein-esque reconstruction of GR in M. This work, in the author's opinion, is to be viewed as a junction between [2] as applied to gravitational fields, the work on relational theories for the gravitational fields as provided by Barbour [3] , and an extension of [1] in which the first hints of a gauge theoretic language make an appearance in the space of metrics.
Connections in M and Best-Matching
Best-Matching
In the work of Barbour et al [3] , [10] concerning classical dynamics of space-time, prior existence of time is not assumed, only the existence of the configuration space M. Time is taken as being in itself a derived notion from comparing different configurations; time is change. E.g. we know time has passed because the configuration of space has changed. Hence, global metric change plays a fundamental role in timeless approaches. In view of this it is of paramount importance to give a definition of global metric change, or distance, between metrics.
The most unassuming way to view this configuration space is to regard each element of M as a metric over a diffeomorphic copy of M, with no prior identification between points sitting on different copies. In other words, we really cannot identify x at (M, g 1 ) with x at (M, g 2 ). So to find the global distance between two given metrics, we must be able to compare the metrics, and to do that we must determine how to identify points belonging to otherwise unrelated, diffeomorphic structures, (M, g) and (M, g ′ ). In relational language, we should say that the definition of motion, or of evolution of a field, only makes sense relative to the field itself, not to an arbitrary denomination of space points along time. In this sense, motion, or evolution, is defined with respect to an "equilocality" relation that depends on the configuration of the whole Universe. These equilocality relations, or "choice" of coordinates along time, assume a dynamical character. They make motion relational because they are defined with respect to a "coordinate system" which takes into account the global dynamics of the metric. Note that in fact it does not really matter what initial identification of points you make on the manifold, so we have some residual freedom, but the propagation of these coordinates will be determined in a dynamical way.
Previous work [3] , [7] , [10] was concentrated on finding dynamical trajectories in superspace that were related to classical space-times. In [3] , given an initial metric (M, g) and another, (M, g + δg), infinitesimally close-by, the best-matching consists of finding the infinitesimal change of coordinates that makes the norm of δg with respect to some "supermetric" G an extremum. In this manner, Barbour argues that subsequent instants in time should have points in their copies of M identified such that the metrics are "as close as possible".
More explicitly, an infinitesimal change of coordinates X acts on a metric with the Lie derivative L X g ab = X (a;b) , where semi-colon denotes covariant differentiation and abstract indices notation (parenthesis denote symmetrization of indices). Then, given an infinitesimal change of metric δg, through such relational arguments he arrives at the condition that
(for F an undetermined conformal factor and G a supermetric) is an extremum for X. The Einstein-Hilbert action, in the alternative, 3 + 1 lapse-fixed BSW formulation [7] , is of this type for F = R (the three scalar curvature) and G = G DW , the DeWitt metric. In other words, for these choices of F and G Barbour recovers GR. Actually, this approach seems to be a direct implementation of Jacobian timeless dynamics in the context of GR [11] . One can see this by choosing a "corrected DeWitt metric" √ RG DW , the hamiltonian constraint then automatically makes RG DW (ġ − L X g,ġL X g) positive definite on dynamical orbits (and their vicinities). Hence, since the BSW action is just
we can appropriately implement a geodesic principle in S. Thus, following the principle of best-matching (i.e. making the choice of coordinates along time that extremizes metric change) related to a few other assumptions, Barbour et al were able to rederive (6) (and -using what in our language would be structural groups different from D(M) -a wide variety of gravitational theories as well [12] ).
It should be further remarked that, in the BSW formalism, the dynamical fixation of the lapse has a remarkably interesting interpretation: proper time turns out to be a measure of infinitesimal intrinsic metric change weighed by the scalar curvature (which seems to be regarded as a source of "inertia" of time), roughly:
where X is the best-matching field. It is obvious from equation (7) that proper time in independent of the parametrization λ of our curve through M. Our approach does not start with space-time, and therefore has no meaning for a 3 + 1 decomposition and cannot derive the lapse. We nonetheless believe that the lapse equation in BSW is a very intuitive and valid definition of proper time, which shall be input into our theory through equation (7) . To be more explicit, we will see time as a quantity "derived from change" [3] . In best-matched coordinates, i.e. from the point of view where one sees the intrinsic metric change, time as a duration is identified with the rate of this change weighted by the scalar curvature.
Gauge Theory in M
We will now expand on the afore mentioned fact that, over a generic subspace of the space of metrics, one can construct a principal fiber bundle structure
where the diffeomorphism group acts on the metric via pullbacks denoted by f * g for f ∈ Diff(M). Thence, we will try to prescribe a gauge connection over M ′ , which, as we will see now, is the most natural geometrical realization of Barbour's et al "best-matching" procedure for an equilocality principle.
Motivation
Given two identification of points ("coordinates") over the substratum (just the smooth structure) M and metrics over them, we can canonically quantify any change in "coordinates" only if we are sitting over a single geometry, or O g = {f * g | f ∈ Diff(M)}, since there exists a single diffeomorphism taking each "coordinate" to each other "coordinate". The same happens with a frame bundle over T M: over a single fiber, there exists a unique element of GL(F ), where F ≃ T x M, that connects two given frames.
But when you move from fiber to fiber (i.e. between different geometries), you don't have a canonical backdrop against which you can measure "intrinsic changes of coordinate", since there is no canonical identification between neighboring fibers. That is, how to quantify "how much" your metric really changed and how much was just due to a change of coordinates? Of course, in the case of the frame bundle over T M a connection provides such an identification along paths. Exactly the same thing goes on here: when we move from fiber to fiber along a smooth path, we have no canonical way of quantifying "how much" of the metric is changing due to the changing "coordinates" on the substratum, and how much is "intrinsically" changing. A connection form, ω allows us to determine the share of a given infinitesimal dislocation due to a change of basis, while the kernel of ω determines the directions in M in which bases are identified, i.e. remain "constant".
Our connection measures the infinitesimal intrinsic change of "coordinates", i.e. it is the flux of a one-parameter family of diffeomorphisms, hence it has to be a Γ(T M)-valued one form ω : (T M ⊗ S T M) → Γ(T M) (where the S subscript signifies symmetrization), or loosely
I.e. ω eats infinitesimal metric change and spits out the infinitesimal coordinate change which was made during this motion. It is called vertical because it is a projection of a vector in a PFB onto the group orbit, and the group orbits are drawn as 7 What is meant by this is that ω is a function M → T M * ⊗V such that T g πω = g, where we are extending the notion of the projection π to the product manifold T M ⊗ V . There is also a hidden simplification here, we should have used Γ(T M ⊗ T M ) SY M =: S 2 (M ) the space of symmetric two covariant sections of M .
vertical lines intersecting the base manifold once (see [13] 
sum decomposition T M = H ⊕ V, is equivalent to the choice of decomposition itself.
To summarize the previous discussion, the connection form yields the part of the infinitesimal metric change that can be done away with by a change of "coordinates" (more precisely, identification of points over M). It yields a dynamical, metric dependent way to identify points over M that sit on different geometries. It should be stressed that in this view, such points have no a priori canonical way of being identified. This is exactly the description of what a best-matching field is supposed to do, and implements Mach's principle that relative configurations are all important for determining motion.
Formal Constructions
We shall start in a rather formal way by listing definitions along with some basic properties of the spaces we have to deal with in order to investigate the gauge structure of Riem:
• M is a compact oriented manifold without boundary.
•
, 0 < r < ∞, is a Banach space, separable in the C r topology (uniform convergence up to r-derivatives). Basically an ILH manifold is an infinite-dimensional smooth manifold being modeled on ILH spaces instead of on R n . For general Frechét spaces no existence theorems for ordinary differential equations exist, neither do Implicit function Theorems. However, S 2 (M) is in fact a separable ILB-space (or even a ILH space [14] ), where we do have integral curves and the usual Implicit Function Theorems defined for certain types of mappings. Namely, for mappings that are ILH-normal (and obey the usual conditions for Inverse Function Theorems).
To be a bit more explicit, for each s,
Hence it has partitions of unity. With this condition it is possible to demonstrate existence and uniqueness of integral curves for each s. Then given a supermetric, one can also demonstrate the existence and uniqueness of a Levi-Civita connection (and hence of the exponential mapping). Then one uses the ILH structure to show these constructions extend to the inverse limit [14] . In the relevant literature of our particular case, i.e. regarding the geometry of the ILH manifold M, existence is not assumed, and both the connection and exponential mapping are explicitly constructed [15] 
i.e. its tangent bundle is trivial and is also an ILH manifold, modeled on the ILH space
. This makes much of the analysis much easier, since we will not have to deal with charts for M. We will assume the following facts [16] :
• The set D(M) := Diff(M) of smooth diffeomorphisms of M is a (ILH) Lie group, and it acts on Riem(M) = M on the right as a group of transformations by pulling back metrics:
an action which is (ILH)-smooth with respect to the (ILH)-structures of M and D(M) 8 . It is clear that two metrics are isometric if and only if they lie in the same orbit. The quotient space, i.e. the space of geometries, S, has its equivalence class type elements denoted by [g].
• The derivative of the orbit map Ψ g : D(M) → M at the identity
where X is the infinitesimal generator of a given curve of diffeomorphisms of M and
is complete and Γ(T M) forms a Lie algebra under the usual commutator of vector fields,
Fischer, in his Stratification Theorem [17] , has shown that S is not actually a manifold, since geometries which possess symmetry beyond the identity (i.e. SY M g := {f * g = g | f = Id} = ∅) don't have neighborhoods homeomorphic to neighborhoods of less symmetric geometries. The metrics that do allow isometries impede the quotient space M/D(M) to have a manifold structure. These metrics are singular points in superspace (they have "less" dimension than generic geometries) [17] .
Moreover, for any M, the metrics that do not admit isometries form a generic, (open dense), subset of M [16] . The same is true of the respective projected subset, consisting of unsymmetrical geometries of S. In this work, we will consider M ′ to be the open connected set of unsymmetric metrics in Riem(M), which clearly contains all of its orbits. That is
Another important result for a gauge theory in M ′ is the Ebin-Palais slice theorem [18] , which is analogous to the usual slice theorem, and which allows us to construct and visualize a PFB structure in S ′ . We state the theorem here. 8 The natural action is on the right since of course (f 1 f 2 )
Theorem 1 (Slice) Through each g ∈ M ′ there exists a submanifold Σ which possesses at most one intersection with the orbits and is to them transversal (for
We note that D(M) qualifies as a strong ILH-Lie group, but the image of the exponential mapping does not cover a neighborhood of the identity, since any (metric) open set containing the identity has non-null intersection with the set of "large diffeomorphisms", i.e. those not contained in the identity component D(M) 0 of D(M). This brings about a number of technical problems in the construction of the theory.
However, the subgroup generated by the flow of vector fields is a non-trivial normal subgroup of the simple group D(M) 0 , hence they are equivalent, i.e. the exponential mapping is a 1-1 map between Γ(T M) and D(M) 0 which gets rid of our problems. So in this paper, whenever we talk about D(M), what we actually mean is its connected component D(M) 0 10 . With the PFB structure allowed by this theorem
we have the usual constructions of gauge theory working properly. For instance, we know that the vertical sub-bundle is given by
and choosing an equivariant 11 decomposition T M ′ = H ⊕ V , we can define the Lie-algebra valued connection form
As far as the author knows, the only non-trivial representation of the diffeomorphism group on Γ(T M) is the adjoint representation:
or powers thereof. It is not hard to prove that, given this adjoint representation of the diffeomorphism group on the algebra, we have
and we obtain f * ω = Ad(f −1 )ω as the usual transformation property for the connection form. Now, for the representation of the Lie algebra on itself, we have
9 A submanifold in the infinite dimensional case is given by an injective immersion, where f : X → Y is an immersion at x ∈ X if T x f is injective and splits. 10 There is an interesting debate about the role of the large diffeomorphisms in physical theories, as to whether or not they are observable symmetries or should be treated as the usual gauge transformations [?] . This debate arises, because the supermomentum constraint requires only invariance with respect to D(M ) 0 , not D(M ).
11 Both the horizontal and the vertical distributions should be invariant by the group action. This means they respect the canonical identification between elements of the bundle T M ′ |Og by the group action (i.e. by f * ∈ D(M )).
which is an element of Γ(T M).
Sections
The section which we outlined above in the slice theorem, given by Σ, can also be represented by a map Φ : U ⊂ S → M ′ . In fact it is not hard to see that such a section, being a particular representation of geometries, can be identified with a choice of coordinate representation for metrics. To be a bit more specific there is an isomorphism
where Φ([g]) ∈ M ′ is just a particular representation of the geometry [g], and hence can be identified with a coordinate representation of a metric g. It may be that we can't have a single coordinate representation of all the metrics, which means that M ′ is not trivial as a PFB 12 . Since we are always describing metrics through coordinate systems, we should be developing the treatment for connections, curvature, etc in a specific gauge. However, in this paper we wish firstly to lay out the basis of this direction of research, and will leave such treatment for future work. For now we mention that if we are given the connection ω, we find a local description through the Φ section, i.e. for [v] ∈ T [g] S:
where v is the description of [v] in the Φ coordinate system (i.e. it is the element tangent to Σ at g = Φ([g]) that projects down to [v] ). Analogously, given A we recover ω by
where [v] is given by the isomorphism Ξ above, i.e. is such that
Best-Matching as a Connection
To recover Barbour's route to GR, the connection can be taken to be that given by an orthogonal decomposition of T M ′ = H ⊥ V with respect to a supermetric G DW in M ′ (the one given by integration of the DeWitt metric over M) [1] . We can see this because they try to make the choice of connection an extremum with respect to this notion of distance between metrics. Clearly, if we have a definite metric, by which you have an orthogonal decomposition of v ∈ T g M ′ asV(v)+Ĥ(v) andĤ(v) = 0 (so as to have a change in geometry), an extremum of the norm of v occurs wheneverV(v) = 0.
There is however a technical problem with this view that we haven't yet mentioned, i.e. the non-definiteness of the deWitt supermetric. Since the direct sum decomposition is to be determined by an orthogonality relation with respect to a metric that is not definite, we run the risk of having elements orthogonal to the vertical space that are also Lie derivatives of the metric, i.e. v ⊥ V g such that v = L X g for some X ∈ Γ(T M), hence v ∈ V g as well. There are however, from the outset, a number of solutions and domains of validity for the condition H g ∩ V g = {0}. For example, for all R ab < 0 (in terms of eigenvalues), the condition holds, as well as for non-flat Einstein metrics. If we had chosen a different supermetric G abcd β = g ac g bd − βg ab g cd , we have various domains of validity of H g ∩ V g = {0}, specifically, it is valid for all 0 < β < 1/3. For a more extensive study of these matters see [1] .
A different approach to guarantee the decomposition, at least for the dynamically constrained directions in M ′ (i.e. those that respect the Hamiltonian constraint), is to use the supermetric conformally related to G DW ; given by RG DW . Then, form the Hamiltonian constraint we can guarantee that this supermetric is positive definite over a small neighborhood of the dynamical trajectories and hence defines well the orthogonal decomposition
Yet another approach that guarantees the non intersection of the subbundles is to define a Diff(M)-invariant metric on the Lie algebra Γ(T M), and then with the aid of the deWitt metric induce a "bundle metric" on M ′ [19] . With respect to such a bundle metric we automatically have an orthogonal decomposition, and furthermore, such a definition is indispensable if we wish to make the choice of connection ω dynamical, i.e. not fixed by a metric in M ′ . In this paper, whenever we must use a specific connection we will assume it is given by the deWitt supermetric, and so we will not find the connection dynamically. We just point out that the use of a bundle metric, which we construct below for the study of Kaluza-Klein theory, is also essential for making the connection the dynamical variable.
Basically the bundle metric is given by
where G dW is the base supermetric (which we choose to be DeWitt's supermetric G dW ), and α is a fiber metric , which on usual gauge theory is chosen to be the Killing-Cartan form. We can see that once we fix G = G DW , the dynamical variable of the inner product in M ′ is really the connection form ω. This inner product automatically makes the vertical (the tangent space to orbits of the metric by the action of diffeomorphisms) and the horizontal subspace (H := ker ω) orthogonal, and should be constructed so that it is gauge-invariant (D(M)-invariant). Letting the action vary with respect to the connection ω lies in contrast to fixing the connection (or equivalently, the horizontal bundle) as given by a certain supermetric. However, even by making the theory dependent on the connection form instead of on the supermetric, we can still give the same interpretation to the connection along a path in M; i.e. as defining appropriate coordinates for an extremum of metric change, a là Barbour. We construct the appropriate bundle metric in the discussion of the Kaluza-Klein theory in M.
Now is a good time to have a second look at the momentum constraint. We have G abcd DW (ġ cd − L X g cd ) ;b = 0 which means:
where we have discarded divergencies and Z (a;b) = L Z g ab is a generic vertical vector. Equation (15) says that we will choose a particular best-matching X such that the corrected, or projected metric velocitiesĤ(ġ) =ġ − L X g are orthogonal to vertical vectors, with respect to the above supermetric. I.e.ġ − L X g is horizontal if we have ω(ġ) = X where ω is defined with respect to the deWitt supermetric. In other words, (15) can be taken as the definition of the deWitt connection. It is interesting that automatically this choice of connection comes hidden inside the ADM construction, i.e. such a choice of best-matching coordinates is implicit inside the momentum constraint. The momentum constraint can be seen to state that given an initial choice of identification of points over M, this choice will be in the future determined by the dynamics.
n-body Problem and Kaluza-Klein
As outlined in the introduction, there are a number of interesting consequences in regarding the translationally reduced n-body problem in the gauge setting (with gauge group SO(3)) [2] . One of them, which can be very effortlessly explored, and had already been so explore by us, is an analysis of the Lagrangian in a Kaluza-Klein setting. This is merely the first analogy that can be done between our approach and the n-body case, which can be carried forward on the rest of their constructions.
Setting the lapse to unity, let us go back to the Lagrangian in 3 + 1 form (1):
If we assume X = ω ab (ġ ab ) we have again thaṫ
consists of the horizontal component of the line element of a curve in M. Hence if we demand that
we have the result that the general relativistic Lagrangian is a line element in superspace, with an appropriate supermetric (which we shall call bundle metric) B. If we succeed in constructing such a gauge-invariant vertical inner product 13 , we have the result that GR is a geodesic principle in M.
One of these inner products, as a matter of fact the simplest one (we were unable to construct an alternative), is constructed from the straightforward inner product between vector fields. I.e. for u, v vertical vectors in T g M such that  g (X) = u and  g (Y ) = v (where  g is the canonical map between the vertical space at g and the Lie algebra, given by (9)) we define:
And so we have that:
Hence, for f ∈ D(M), since f * ω = Ad(f −1 )ω, for the usual adjoint representation of the Lie algebra on itself, applying f * to (18) we have:
and our inner product α is well defined and gauge invariant and so no inconsistency arises by taking it as the vertical inner product:
In [2] , our α is replaced by the moment of inertia tensor, which in their setting provides a norm (inner product more precisely) for angular momenta.
There is however a very simple, yet non-trivial consequence of such a construction. As is well-known in Kaluza-Klein theory, since vertical fields are Killing (with respect to the bundle metric), vertical velocities are conserved along geodesics. More precisely, it is very easy to derive 14 that the inner product between a Killing field and the tangent to a geodesic is constant along the geodesic. Actually, in KK theory, vertical velocity is identified with charge, and so one proves charge conservation along dynamical paths [19] . In our case, our charge, or analogous angular momentum [2] , is given by R.
Hence we have the result that the integral of the scalar curvature must be constant along the geodesics, i.e. along classical space-times, which gives us:
where we have used the functional derivative of R as a one form in M applied to the metric velocity v; a metric velocity which is constrained by (5) (the momentum constraint is merely a consistency condition with the deWitt connection ω). For instance, any evolution which satisfies R ab =
2
Rg ab satisfies the constraints above. But such a condition, for threedimensional manifolds, implies the metric is flat, as can be easily seen by taking the trace of this equation.
Equation (20) also is trivially satisfied for any space-time whose 4-metric is stationary, since v ab = 0. For an FRW metric ds 2 = −dt 2 + a(t) 2 dΛ 2 where dΛ 2 is the 3-metric of a constant curvature 3-manifold, we have, in the appropriate zero lapse, the metric curve g(t) = a(t) 2 dΛ 2 . Henceġ(t) = 2˙a
(t) a(t) g(t) and we get
14 Even in infinite dimensions, see [20] for a geometric proof.
and since R is constant, the integral (20) is
which does not vanish. Of course, the gauge setting as a whole does not apply to 3-metrics that have symmetries, as is obviously the case with FRW. So the question of wether or not perturbations would alter this picture remains.
Curvature
Definition of Curvature Curvature is here defined formally as
where capital letters are used to signify Lie-algebra values, we use the abstract index notation of symmetrization and anti-symmetrization, and we are using the adjoint representation of D(M) on Γ(T M), hence the representation of the Lie-Algebra on itself through the commutatorof vector fields on M. The δ ab term is the functional derivative in M ′ , working as the usual exterior derivative in finite-dimensional manifolds. Explicitly,
has the structure of a directional derivative. Then, without inputting the direction δg ab , we have that
where the commutator [·, ·] M ′ is that given by the usual Lie bracket in M ′ . More explicitly, since the ILH structure of M ′ guarantees existence and uniqueness for solutions of o.d.e.'s, we can then use integral curves to define pull-backs by their flows. Once this is done, the Lie bracket between two vector fields ξ 1 , ξ 2 in M ′ is defined as usual by
where Fl denotes the integral flow. Once the existence of such a bracket is ascertained, one can follow the usual index free-proof of the equality between (21) and (22) contained for example in [21] . If we have null curvature, the horizontal distribution, which is a subbundle of T P , is integrable, i.e. [Ĥ,Ĥ] ⊂ H. Therefore we may have a section over which the connection is everywhere null. That is, if the horizontal distribution is integrable, by Frobenius theorem there is a submanifold, or section Φ : S → M ′ , that spans it:
Thence, automatically our induced connection would be zero in this gauge (or over this section).
With this in mind, we will expand on the re-interpretation of the curvature form in M where the dot indicates action of the Lie algebra Γ(T M). Suppose then that according to Φ we have a point x ∈ M. The new, corrected coordinates are then given by f (t)(x), i.e. x gets shifted about in the Φ coordinate system. We redefine x's "equilocal" points through time (i.e. over the curve γ) in a way very similar to the usage of the path-ordered exponential, by parallel translating coordinates along γ (or rather, taking the active point of view, parallel translate points of M along γ).
The null curvature condition is equivalent to the statement that
That is, if we identify points along time (or using the muddier expression, "coordinatize" space throughout time) in such a way, the two sequence of geometries will arrive at the geometry g final with the same localization of space points if and only if the curvature form is null. Otherwise, even if two hypothetical observers that started out together have chosen the spatial "coordinates" in such a way that the metric change over time is minimal, they will arrive at the second geometry not agreeing over which point is x. So, curvature shows itself in the lack of existence of a well defined (path independent) equilocality relation over a simply connected open set in S. This translates to our case what in the usual terminology is meant by saying that there is no integral submanifold of the horizontal distribution.
It should be said that curvature doesn't seem to play any role in previous work.
Non-Commutativity of Coordinates and Curvature
Let us first of all assume the ontological point of view that best-matching, or horizontal lifting really provides us with a way to identify points of M, a point of view only made possible with the related assumption that M is closed, i.e. there are no "outside observers". As mentioned already in the introduction, as soon as we allow for non-zero curvature of the connection we have got ourselves a problem with this view. For the identification of points of M along time will depend on the path taken in S, being hence non-canonical if more than one path is taken between two geometries. Now, the first requirement to have non-trivial holonomy is of course to have two distinct paths interpolating geometries. Since we would like to relate this to coordinates (or identification of point on M), we must have these distinct paths somehow related to different choices of initial point in M. We must have a point-dependent metric evolution.
Let us suppose that we are given a non-vertical initial metric velocityġ ab at g ab , i.e. an initial extrinsic curvature that will determine the infinitesimal evolution of the metric. The easiest way to accomplish this point-dependent infinitesimal metric evolution is by having v x :=ġ ab (x), i.e. the "distributional metric velocity":
We will call the "time operator" 17 on coordinates the parallel translation of coordinates through the usage of the gauge connection.
More precisely, as in the above,t
where f x is given by (23), for now with respect to the curve g + tv x (which has initial velocity v x at g, as in (30)). Let X ∈ Γ(T M) be a vector field, and Fl(X) s its flow by an amount s. Then, using the identity (28), equation (21) and time derivatives as the directional functional derivatives explicated above, after some algebra we have
and we call, for the metric velocity v and initial spatial point x:
Clearly we only have a non zero commutator thus defined between "spatial" and "time" coordinates, since otherwise the curvature is null. Furthermore one can check that such non-commutativity does not depend on the section Φ chosen (i.e. it does not depend on the particular coordinate system), since the curvature projects down to horizontal vectors.
Discussion
We have started a study of the connection between Machian relationalism and gauge theory, departing from the formal gauge structure that the space of "asymmetric" metrics M ′ , under the action of the (connected component of the) diffeomorphism group D(M), has. In spite of some natural deviations, the majority of the structures present in gauge theory could be suitably transplanted to this infinite-dimensional setting, a fact due mostly to the existence of a cross-section of M ′ relative to D(M). The connection form is seen to provide an identification of (spatial) points of M along time. The interesting aspect is that it does not set a preferred identification of points, but chooses a unique evolution of such an identification. This makes motion relational, since motion is defined with respect to coordinates (or identification of spatial points) which are themselves propagated by the motion, or evolution, of the metric fields.
Barbour has reconstructed GR in a very simple way by demanding that the connection form in this setting be the deWitt-induced one. This condition on the connection form can also be seen as being imposed by the momentum constraint (under the assumption that the shift is given by the action of the connection form on the metric velocities, i.e. X = ω(ġ)). It should also be interesting to find explicit formulas for both the deWitt gauge connection ω and its gauge curvature Ω.
We have here explored some basic consequences of non-null curvature. If one gives an ontological meaning to the identification of points of M along time as being provided by best-matching (or parallel translation of coordinates), one automatically has some inherent fuzzyness in the observed manifold structure of M as soon as more than one path is allowed to interpolate between geometries. More explicitly, if curvature is seen as a manifestation of non-trivial holonomy, when coupled to the interpretation of holonomies as parallel translation of coordinates, the manifestation of non-null curvature is fuzzyness of canonical coordinates.
The jump we make to relate this to a non-commutativity between spatial translation and time propagation however does not seem robust, and is a bit contrived since time evolution itself is made to depend on the spatial point. In its turn, this was made a requirement because we need two independent metric velocities in order to have non-trivial holonomies. So it must be said that our aim was merely to show that there are some interesting, simply derivable consequences for best-matching when we have more than one curve interpolating between two geometries. Of course such multiplicity may only occur in a quantum setting, when one takes a sum over paths approach in M ′ . It should also be interesting to try and translate to this setting the results of the influential [2] paper on gauge theory in the reduction of n-body motion (which has largely the same structure). One of the more straightforward results is to put the ADM Lagrangian into a Kaluza-Klein form. To do this one must find a suitable, Diff(M)-invariant vertical inner product. To our mild surprise, the most natural such inner product (17) turns out to be already Diff(M)-invariant. Having proved the existence of such a bundle product, we found that the conservation of "charges" in this setting yields the condition (20) , for metric velocities satisfying the Hamiltonian constraint. One set of solutions to (20) consists of the 3-metrics satisfying:
but this imposes a very strong condition on 3-metrics, namely that they be flat. We also found that (20) is not satisfied by the paths in M equivalent to FRW with unit lapse. However, the FRW spatial metric has a large symmetry group, something which lies outside the domain of our treatment. It remains to be seen if perturbations of FRW can be satisfied by (20) . Needless to say, the whole of the gauge approach does not restrict to the Kaluza-Klein construction (in our case, setting R to be the charge), since the fibers can represent inner space, and not physical space (whatever that means in our case).
It should also be said that we have completely avoided the problem of different foliations, since they should not arise if you consider paths in configuration space M as the fundamental quantities. Then what one has to do is to provide a means to connect quantities in M to proper time, which is done by (7) . If one inputs this back into the ADM Lagrangian one gets the BSW action (and its geodesic interpretation with respect to the supermetric RG DW ). It remains to be seen what this implies in the Kaluza-Klein context. For instance, by the momentum constraint the connection clearly has to be given with respect to the deWiit metric, and not its conformal alternative.
Lastly, although not initially motivated by such a conjunction, the present work can be seen as an intersection between [1] -which first uses gauge theory nomenclature in the study of properties of superspace and works out some basic properties - [2] -which does a more extensive treatment then the present one in the case of the SO(3) gauge structure for n-body motion -and finally [3] ; which provides the conceptual underpinning of the connection forms as best-matching.
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